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We analyze the behavior of cumulants of conserved charges in a subvolume of a thermal system
with exact global conservation laws by extending a recently developed subensemble acceptance
method (SAM) [1] to multiple conserved charges. Explicit expressions for all diagonal and off-
diagonal cumulants up to sixth order that relate them to the grand canonical susceptibilities are
obtained. The derivation is presented for an arbitrary equation of state with an arbitrary number
of different conserved charges. The global conservation effects cancel out in any ratio of two second
order cumulants, in any ratio of two third order cumulants, as well as in a ratio of strongly intensive
measures Σ and ∆ involving any two conserved charges, making all these quantities particularly
suitable for theory-to-experiment comparisons in heavy-ion collisions. We also show that the same
cancellation occurs in correlators of a conserved charge, like the electric charge, with any non-
conserved quantity such as net proton or net kaon number. The main results of the SAM are
illustrated in the framework of the hadron resonance gas model. We also elucidate how net-proton
and net-Λ fluctuations are affected by conservation of electric charge and strangeness in addition to
baryon number.
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I. INTRODUCTION
Fluctuations and correlations of conserved charges in statistical systems carry rich information on intrinsic properties
of matter. These quantities play a central role in studies of the QCD phase diagram, both in first-principle lattice
QCD simulations [2, 3] and in heavy-ion collision experiments [4]. Event-by-event fluctuations of different quantities
are used in the search of the QCD critical point [5–7]. Various correlators of conserved charges, on the other hand,
carry information on the relevant QCD degrees of freedom, such as the baryon-strangeness correlator [8].
Fluctuations and correlations of many different quantities, that include both the conserved charges and various
hadron number distributions, have been measured in a number of experiments. These include measurements of second
order cumulants, both diagonal [9–12] and off-diagonal [13–15], as well as higher-order fluctuation measures [16–19]. An
important question is how to relate the experimental measurements to theoretical predictions. For instance, cumulants
of the net-proton number cannot be computed in many of the theories, lattice gauge theory in particular, where only
the conserved baryon number is accessible. In such a case one either has to reconstruct net-baryon fluctuations from
net-proton measurements [20, 21], or directly compare net-proton and net-baryon cumulants, accepting an inevitable
systematic error stemming from such an approximation. Another problem is participant (or volume) fluctuations,
which is a source of non-dynamical fluctuations affecting comparisons between theory and experiment [22, 23].
Perhaps the most important issue is the choice of statistical ensemble. The vast majority of theories operate in the
grand canonical ensemble, where the system can freely exchange conserved charges with a reservoir. Direct comparison
of grand canonical susceptibilities with heavy-ion data is commonplace in the literature [24–33]. However, all charges
are globally conserved in heavy-ion collisions. This would imply that the canonical ensemble is more appropriate than
the grand canonical ensemble. The difference between ensembles does not play a major role if only mean hadron yields
are considered in central collisions of heavy ions – due to the thermodynamic equivalence of statistical ensembles for
the averages, the difference between hadron abundances evaluated in different statistical ensembles disappears in large
systems. However, the thermodynamic equivalence of statistical ensembles does not extend to fluctuations, meaning
that values of second and higher order cumulants will depend on the choice of the ensemble, no matter how large the
system is.
The experimental measurements typically have a limited momentum acceptance, covering only a fraction of the
total momentum space. In Ref. [34] the necessary conditions to emulate the grand canonical ensemble in heavy-ion
collisions have been outlined: measurements should be performed in a rapidity acceptance ∆Yacc which is, on one
hand, large enough to capture all the relevant physics, ∆Yacc  ∆Ycor, where ∆Ycor characterizes the correlation
range in rapidity, while on the other hand, it covers only a small fraction of the whole momentum space such that
global conservation laws can be neglected, ∆Yacc  ∆Y4pi. Furthermore, the measurements should cover the entire
transverse momentum range.
Global conservation effects are non-negligible whenever ∆Yacc is comparable to ∆Y4pi. The magnitude of these
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2effects, as well as ways to deal with them, have been studied in the past using a picture of an uncorrelated hadron
gas with a single globally conserved charge in a number of papers [35–42]. The analysis in Ref. [37] indicated that the
effects of global conservation are sizable already for moderate values of the acceptance fraction α ≡ ∆Yacc/∆Y4pi . 0.2,
especially for higher-order cumulants. In our recent work [1], we introduced a subensemble acceptance method (SAM)
– a procedure to calculate the cumulants in a presence of a single conserved charge for an arbitrary equation of state.
In Ref. [43] this formalism was applied to fluctuations in vicinity of a critical point. In the present work, we extend
the SAM to equations of state with multiple globally conserved charges, as is appropriate e.g. for QCD with baryon
number B, electric charge Q, and strangeness S. In addition to conserved charges, we also explore how cumulants of
non-conserved quantities, such as e.g. net-proton number, are affected by multiple global conservation laws.
The paper is organized as follows. Sec. II presents the SAM for multiple conserved charges. In Sec. III we illustrate
the formalism on an example of a hadron resonance gas model. Discussion and conclusions in Sec. IV close the article.
II. FORMALISM
A. Notation
We shall use a tensor notation throughout this section. Each tensor is denoted by a hat. Where applicable, the
number of indices shall determine the tensor rank. We also adopt the Einstein notation, where a repetition of each
index implies summation over that index.
Let us have a vector Qˆ = (Q1, . . . , QN ) of N independent conserved charges in the system. Each conserved charge
is associated with a chemical potential. The vector of chemical potentials is denoted µˆ = (µ1, . . . , µN ). In the grand
canonical ensemble, GCE, the relation between cumulants κˆgce and susceptibilities χˆ is straightforward:
χˆi1...iM =
∂M (p/T 4)
∂(µi1/T ) . . . ∂(µiM /T )
=
κˆgcei1...iM
V T 3
, ij ∈ 1 . . . N. (1)
Here p is the pressure, T the temperature and V the volume of the system. The relation (1) applies for an arbitrary
cumulant (susceptibility) of order M . Both the susceptibilities χˆi1...iM and the cumulants κˆi1...iM are symmetric with
respect to any permutation of their indices.
The notation (1) for the susceptibilities is different from the one commonly used in the QCD literature [44, 45].
There, the susceptibilities read
χQ1...QNl1...lN =
∂l1+...+lN (p/T 4)
∂(µQ1/T )
l1 . . . ∂(µQN /T )
lN
, l1 + . . .+ lN = M. (2)
The quantities in Eqs. (1) and (2) are equivalent, i.e. χˆi1...iM ≡ χQ1...QNl1...lN , when the set of indices (i1 . . . iM ) contains
exactly l1 elements equal to unity, exactly l2 elements equal to two, and so on. For QCD with three conserved charges,
baryon number, electric charge, and strangeness, one has Qˆ = (Q1, Q2, Q3) = (B,Q, S). As an example, we write
here a diagonal and an off-diagonal fourth order QCD susceptibilities using the two notations:
χB4 ≡ χˆ1111 , (3)
χBQS211 ≡ χˆ1123 = χˆ1132 = ... = χˆ3211 . (4)
B. Subensemble acceptance method
In the present work we generalize the relation (1) to account for the presence of global conservation laws for all
of the conserved charges. Let us consider a subvolume V1 = αV of a uniform thermal system where all the charges
are globally conserved. Following our earlier work [1], we assume that the subvolume V1 as well as the remaining
volume V2 = (1 − α)V are both of a macroscopic size, i.e. they are large compared to correlation length ξ, V1  ξ3
and V2  ξ3. Here ξ refers to any correlation length of relevance to the cumulants of multiple conserved charges
under consideration. As a consequence, one can neglect all interactions at the surface separating the two subsystems,
meaning that the total Hamiltonian can be expressed as a sum the subsystem Hamiltonians, i.e.
H = H1 +H2 + U12 ≈ H1 +H2 . (5)
3In this case the canonical ensemble partition function of the total system with total conserved charge vector Qˆ
reads [46]
Z(T, V, Qˆ) =
∑
Qˆ1
Z(T, αV, Qˆ1)Z(T, βV, Qˆ− Qˆ1) . (6)
Here β ≡ 1 − α, and the sum goes over all possible values of conserved charges in the first subsystem Qˆ1. The
probability P (Qˆ1) to simultaneously find all conserved charges in the subsystem with volume V1 equal to Qˆ
1 is
proportional to the product of the canonical partition functions of the two subsystems:
P (Qˆ1) ∝ Z(T, αV, Qˆ1)Z(T, βV, Qˆ− Qˆ1) . (7)
In the thermodynamic limit, V →∞, we have
Z(T, V, Qˆ) = exp
[
−V
T
f(T, ρˆ)
]
, (8)
where ρˆ = Qˆ/V is the vector of densities of all the conserved charges and f(T, ρˆ) is the free energy density.
To evaluate the cumulants κˆi1...iM [Qˆ
1] of the distribution of conserved charges Qˆ1 inside the subvolume V1 we
introduce the cumulant generating function GQˆ1(tˆ):
GQˆ1(tˆ) ≡ ln〈etˆiQˆ
1
i 〉 = ln
∑
Qˆ1
exp(tˆiQˆ
1
i )P (Qˆ
1)

= ln
∑
Qˆ1
etˆiQˆ
1
i exp
[
−αV
T
f(T, ρˆ1)
]
exp
[
−βV
T
f(T, ρˆ2)
]+ C˜ . (9)
The cumulants, κˆi1,...,iM [Qˆ
1], correspond to the Taylor coefficients of GQˆ1(tˆ):
κˆi1...iM [Qˆ
1] =
∂MGQˆ1(tˆ)
∂tˆi1 . . . ∂tˆiM
∣∣∣∣∣
tˆ=0
≡ ˆ˜κi1,...,im(tˆ)
∣∣∣
tˆ=0
. (10)
Here we introduced a shorthand ˆ˜κi1,...,im(tˆ) for generalized tˆ-dependent cumulants.
All second and higher-order cumulants can be obtained by differentiating the first order cumulants, ˆ˜κi1(tˆ), with
respect to the components of tˆ. The first order cumulants read
ˆ˜κi(tˆ) =
∂GQˆ1(tˆ)
∂tˆi
=
∑
Qˆ1 Qˆ
1
i P˜ (Qˆ
1; tˆ)∑
Qˆ1 P˜ (Qˆ
1; tˆ)
= 〈Qˆ1i (tˆ)〉 , (11)
with the (un-normalized) tˆ-dependent Qˆ1 probability function,
P˜ (Qˆ1; tˆ) = exp
{
tˆiQˆ
1
i − V
αf(T, ρˆ1) + βf(T, ρˆ2)
T
}
. (12)
In the thermodynamic limit, the probability P˜ (Qˆ1; tˆ) is highly peaked at the mean values of Qˆ1. The vector
〈Qˆ1i (tˆ)〉 of the mean values of Qˆ1 is, therefore, determined by requiring that all partial derivatives of P˜ (Qˆ1; tˆ) vanish,
∂P˜ /∂Qˆ1i = 0:
tˆi = ˆ¯µi[T, ρˆ
1(tˆ)]− ˆ¯µi[T, ρˆ2(tˆ)], i = 1, . . . , N. (13)
Here
ˆ¯µi ≡ µˆi
T
=
1
T
∂f
∂ρˆi
(14)
4is the reduced chemical potential as a function of temperature and densities of conserved charges, and ρˆ1(tˆ) =
〈Qˆ1(tˆ)〉/(αV ) and ρˆ2(tˆ) = 〈Qˆ2(tˆ)〉/(βV ) = (Qˆ− 〈Qˆ1(tˆ)〉)/(βV ). For tˆ = 0 the solution is:
ρˆ1 = ρˆ2 = ρˆ = Qˆ/V, (15)
i.e. the charges are distributed uniformly between the subsystems, as should be the case by construction. Given
that the first order cumulant of the i-th charge is κˆi[Qˆ
1] ≡ 〈Qˆ1i 〉 = αV ρˆi and the first order susceptibility equals
χˆi ≡ ρˆi/T 3 by definition, we get
κˆi[Qˆ
1] = αV T 3 χˆi , i = 1, . . . , N. (16)
C. Second order cumulants
Given the generalized first order cumulant ˆ˜κi, the second order cumulants ˆ˜κij(tˆ) are
ˆ˜κij(tˆ) =
∂ ˆ˜κi(tˆ)
∂tˆj
≡ ∂〈Qˆ
1
i (tˆ)〉
∂tˆj
, i, j = 1, . . . , N. (17)
To evaluate ˆ˜κij(tˆ) we differentiate Eq. (13) with respect to tˆj . We obtain
δˆij =
∂ ˆ¯µ1i
∂ρˆ1j1
∂ρˆ1j1
∂〈Qˆ1j2〉
∂〈Qˆ1j2(tˆ)〉
∂tˆj
− ∂ ˆ¯µ
2
i
∂ρˆ2j1
∂ρˆ2j1
∂〈Qˆ2j2〉
∂〈Qˆ2j2〉
∂〈Qˆ1j3〉
∂〈Qˆ1j3(tˆ)〉
∂tˆj
, (18)
where we used the chain rule multiple times. Here one observes that
∂ρˆ1j1
∂〈Qˆ1j2〉
=
δˆj1j2
αV
,
∂ρˆ2j1
∂〈Qˆ2j2〉
=
δˆj1j2
βV
,
∂〈Qˆ2j2〉
∂〈Qˆ1j3〉
= −δˆj2j3 , (19)
and, by definition,
∂〈Qˆ1j2(tˆ)〉
∂tˆj
= ˆ˜κj2j(tˆ) . (20)
Equation (18), therefore, reduces to
δˆij =
1
V
[
1
α
∂ ˆ¯µ1i
∂ρˆ1j1
+
1
β
∂ ˆ¯µ2i
∂ρˆ2j1
]
ˆ˜κj1j(tˆ) . (21)
The derivatives ∂ ˆ¯µ1,2i /∂ρˆ
1,2
j1
can be expressed in terms of second order susceptibilities, χˆij . Indeed, since the second
order susceptibilities are defined by the derivatives of the conserved number densities,
χˆij ≡ T−3 ∂ρˆi
∂ ˆ¯µj
, (22)
the inverse derivatives, ∂ ˆ¯µi/∂ρˆj , are defined by the inverse matrix of second order susceptibilities,
∂ ˆ¯µi
∂ρˆj
= T−3 χˆ−1ij . (23)
The matrix equation (21) for the second order cumulants, therefore, reads
δˆij =
1
V T 3
[
1
α
ˆ˜χ
′−1
ij1
+
1
β
ˆ˜χ
′′−1
ij1
]
ˆ˜κj1j(tˆ) . (24)
Here ˆ˜χ
′
ij1
and ˆ˜χ
′′
ij1
correspond to the matrix of second order conserved charge susceptibilities evaluated at an arbitrary
finite tˆ in the first and second subsystems, respectively.
5The solution to Eq. (24) is
ˆ˜κij(tˆ) = V T
3
[
1
α
ˆ˜χ
′−1
2 +
1
β
ˆ˜χ
′′−1
2
]−1
ij
, i, j = 1, . . . , N. (25)
For tˆ = 0 one has ˆ˜χ
′
2 = ˆ˜χ
′′
2 = χˆ2 ≡ χˆij , therefore
κˆij [Qˆ
1] = αV T 3 β χˆij , i, j = 1, . . . , N. (26)
We note, that the correction factors due to global charge conservation are the same for all second order susceptibilities.
An important consequence of this result is that a ratio of any two second order cumulants of conserved charges coincides
with the corresponding ratio of grand canonical susceptibilities, i.e. effects of global conservation are canceled out.
D. Third order cumulants
The third order cumulants are calculated by differentiating Eq. (25) with respect to tˆk:
ˆ˜κijk(tˆ) =
∂ ˆ˜κij(tˆ)
∂tˆk
, i, j, k = 1, . . . , N. (27)
To evaluate this derivative we will make use of the following identity from the matrix calculus:
∂Uˆ−1
∂x
= −Uˆ−1 ∂Uˆ
∂x
Uˆ−1. (28)
Now, in Eq. (27), we express κ˜ij as
ˆ˜κij =
(
ˆ˜κ−1
)−1
ij
≡ Uˆ−1ij (29)
where, following Eq. (25),
ˆ˜κ−1ij =
1
V T 3
[
1
α
ˆ˜χ
′−1
ij +
1
β
ˆ˜χ
′′−1
ij
]
. (30)
The third order cumulant defined by Eq. (27), therefore, reads
ˆ˜κijk = −ˆ˜κij1
1
V T 3
[
1
α
∂ ˆ˜χ
′−1
j1j2
∂tˆk
+
1
β
∂ ˆ˜χ
′′−1
j1j2
∂tˆk
]
ˆ˜κj2j . (31)
Let us now evaluate ∂ ˆ˜χ
′−1
j1j2
/∂tˆk. Using the identity (28) gives
∂ ˆ˜χ
′−1
j1j2
∂tˆk
= − ˆ˜χ′−1j1m1
∂ ˆ˜χ
′
m1m2
∂tˆk
ˆ˜χ
′−1
m2j2
, (32)
which, after applying the chain rule to the middle term, turns into
∂ ˆ˜χ
′−1
j1j2
∂tˆk
= − ˆ˜χ′−1j1m1
∂ ˆ˜χ
′
m1m2
∂ ˆ¯µ1m3
∂ ˆ¯µ1m3
∂ρˆ1m4
∂ρˆ1m4
∂〈Qˆ1m5〉
∂〈Qˆ1m5〉
∂tˆk
ˆ˜χ
′−1
m2j2
. (33)
Using all the identities we derived above [Eqs. (19), (20), and (23)] for each of the new terms, as well as the definition
ˆ˜χijk = ∂ ˆ˜χij/∂ ˆ¯µk of the third order GCE susceptibilities, we get
∂ ˆ˜χ
′−1
j1j2
∂tˆk
= − 1
αV T 3
ˆ˜χ
′−1
j1m1
ˆ˜χ
′
m1m2m3
ˆ˜χ
′−1
m3m4
ˆ˜κm4k ˆ˜χ
′−1
m2j2
. (34)
6The derivation for ∂ ˆ˜χ
′′−1
j1j2
/∂tˆk that appears in the second term of the expression for ˆ˜κijk [Eq. (31)] is analogous.
The only difference is the prefactor:
∂ ˆ˜χ
′′−1
j1j2
∂tˆk
=
1
βV T 3
ˆ˜χ
′′−1
j1m1
ˆ˜χ
′′
m1m2m3
ˆ˜χ
′′−1
m3m4
ˆ˜κm4k ˆ˜χ
′′−1
m2j2
. (35)
The final result for ˆ˜κijk(tˆ) is obtained by substituting Eqs. (34) and (35) into (31):
ˆ˜κijk(tˆ) =
1
α2V 2T 6
ˆ˜κij1 ˆ˜χ
′−1
j1m1
ˆ˜χ
′
m1m2m3
ˆ˜χ
′−1
m3m4
ˆ˜κm4k ˆ˜χ
′−1
m2j2
ˆ˜κj2j
− 1
β2V 2T 6
ˆ˜κij1 ˆ˜χ
′′−1
j1m1
ˆ˜χ
′′
m1m2m3
ˆ˜χ
′′−1
m3m4
ˆ˜κm4k ˆ˜χ
′′−1
m2j2
ˆ˜κj2j . (36)
For tˆ = 0 we have ˆ˜χ
′
= ˆ˜χ
′′
= χˆ for all ranks of the susceptibility tensor χˆ. Also κˆij = αV T
3 β χˆij [Eq. (26)].
This implies that every convolution of κˆij1 with χˆ
−1
j1j
provides a Kronecker symbol times a factor, namely κˆij1 χˆ
−1
j1j
=
δij V T
3 αβ. This simplifies the evaluation of κˆijk considerably. In the end we obtain the following:
κˆijk[Qˆ
1] = αV T 3 β (1− 2α) χˆijk , i, j, k = 1, . . . , N. (37)
Similar to the second order cumulants [Eq. (26)], the global conservation corrections are identical for all third order
cumulants. As a consequence, effects of global conservation cancel in any ratio of any two third order cumulants of
conserved charges.
E. Results up to sixth order
The fourth order and higher order cumulants are calculated by iteratively differentiating Eq. (36). For example, for
the fourth order cumulants one has:
ˆ˜κijkl(tˆ) =
∂ ˆ˜κijk(tˆ)
∂tˆl
, i, j, k, l = 1, . . . , N. (38)
The details of the iterative procedure for calculating higher-order cumulants are described in Appendix A. Here we
present the resulting SAM expressions up to the sixth order, evaluated at tˆ = 0. For completeness we list here all
cumulants starting from the first order:
κˆi1 [Qˆ
1] = αV T 3 χˆi1 (39)
κˆi1i2 [Qˆ
1] = αV T 3 β χˆi1i2 (40)
κˆi1i2i3 [Qˆ
1] = αV T 3 β (1− 2α) χˆi1i2i3 (41)
κˆi1i2i3i4 [Qˆ
1] = αV T 3 β
[
(1− 3αβ) χˆi1i2i3i4 −
αβ
2! 2! 2!
∑
σ∈S4
χˆ−1b1b2 χˆiσ1 iσ2b1 χˆiσ3 iσ4b2
]
(42)
κˆi1...i5 [Qˆ
1] = αV T 3 β(1− 2α)
[
(1− 2αβ)χˆi1...i5 −
αβ
2! 3!
∑
σ∈S5
χˆ−1b1b2 χˆiσ1 iσ2b1 χˆiσ3 iσ4 iσ5b2
]
(43)
κˆi1...i6 [Qˆ
1] = αV T 3 β {[1− 5αβ(1− αβ)]χˆi1...i6
+
α2β2
2! 2! 2! 2!
∑
σ∈S6
χˆ−1b1b3 χˆ
−1
b2b4
χˆiσ1 iσ2b1 χˆiσ3 iσ4b2 χˆiσ5 iσ6b3b4
− α
2β2
3! 2! 2! 2!
∑
σ∈S6
χˆ−1b1b4 χˆ
−1
b2b5
χˆ−1b3b6 χˆb4b5b6 χˆiσ1 iσ2b1 χˆiσ3 iσ4b2 χˆiσ5 iσ6b3
− αβ(1− 2α)
2
2! 3! 3!
∑
σ∈S6
χˆ−1b1b2 χˆiσ1 iσ2 iσ3b1 χˆiσ4 iσ5 iσ6b2
−αβ(1− 3αβ)
2! 4!
∑
σ∈S6
χˆ−1b1b2 χˆiσ1 iσ2b1 χˆiσ3 iσ4 iσ5 iσ6b2
}
. (44)
7Here i1, . . . , i6 = 1, . . . , N in all of the above equations. The notation
∑
σ∈SM corresponds to a sum over all M!
permutations of a set (1, . . . ,M). σi is the ith element of the permutation σ. In Appendix B we provide an example
of a detailed calculation of a fourth order cumulant using Eq. (42). This example is useful for understanding the
notation entering Eqs. (39)-(44). A Mathematica notebook to express cumulants in Eqs. (39)-(44) in terms of the
susceptibilities using the QCD notation (2) is available via [47].
It follows from Eq. (42) that global conservation effects generally affect different fourth order cumulants in a different
way. In contrast to the cumulants of lower order, the global conservation effects do not cancel in ratios of fourth order
cumulants. An exception to this are vanishing chemical potentials, µˆ = 0, where χˆijk = 0 for all i, j, k and where only
the first term in the r.h.s of (42) is non-zero. The fifth order cumulants (43) have a structure similar to the fourth
order cumulants. Thus, at µˆ = 0 the effects of global conservation cancel in any ratio of any two four order and any
two five order cumulants. The sixth order cumulants (44) have a considerably more involved structure.
F. Conserved charges in QCD
1. Single conserved charge B
Let us consider the case of a single conserved charge – the baryon number B. Then Qˆ = (B), N = 1 and
χˆi1,...,iM = χ
B
M , i.e. all in = 1. Using the results of the preceding three subsections we can write the cumulants of
baryon number B1 inside a subvolume explicitly:
κ1[B
1] = αV T 3 χB1 (45)
κ2[B
1] = αV T 3 βχB2 (46)
κ3[B
1] = αV T 3 β(1− 2α)χB3 (47)
κ4[B
1] = αV T 3 β
[
(1− 3αβ)χB4 − 3αβ
(χB3 )
2
χB2
]
(48)
κ5[B
1] = αV T 3 β(1− 2α)
[
(1− 2αβ)χB5 − 10αβ
χB3 χ
B
4
χB2
]
(49)
κ6[B
1] = αV T 3 β
{
[1− 5αβ(1− αβ)]χB6 + 45α2β2
(χB3 )
2χB4
(χB2 )
2
− 15α2β2 (χ
B
3 )
4
(χB2 )
3
− 10αβ(1− 2α)2 (χ
B
4 )
2
χB2
− 15 αβ(1− 3αβ) χ
B
3 χ
B
5
χB2
}
. (50)
These expressions reproduce the results of Ref. [1], where the SAM was originally formulated for the case of a single
conserved charge.
2. Two conserved charges B and Q
In a case of two conserved charges, say baryon number B and electric charge Q, we have Qˆ = (B,Q) and N = 2.
Here we would like to illustrate how the cumulants of baryon number are affected by the presence of exact conservation
of other conserved charges. First, we note that, following Eqs. (39), (40), and (41), the first three cumulants of baryon
number B1 have the same expression in the case of a single charge, i.e. they are unaffected by the presence of the
conserved electric charge Q (or any other additional exactly conserved quantity).
To evaluate the fourth order cumulant, κ4[B
1] [Eq. (42)], we need to compute the convolution in the second term
of the r.h.s. of Eq. (42), making use of the inverse matrix of second order susceptibilities. Appendix B provides the
details of this calculation. The result is
κ4[B
1] = αV T 3 β
[
(1− 3αβ)χB4 − 3αβ
(χB3 )
2χQ2 − 2χBQ21 χBQ11 χB3 + (χBQ21 )2χB2
χB2 χ
Q
2 − (χBQ11 )2
]
. (51)
It is evident from Eq. (51) that the presence of a conserved electric charge influences the fourth order baryon number
cumulant if there are baryon-electric charge correlations in the underlying equation of state. This implies corrections
to the relation (48) derived in Ref. [1] for a system with a single conserved charge. To elucidate these corrections we
8rewrite Eq. (51) in the following form:
κ4[B
1] = αV T 3 β
 (1− 3αβ)χB4 − 3αβ (χB3 )2χB2
1− 2χ
BQ
21 χ
BQ
11
χQ2 χ
B
3
+
(χBQ21 )
2χB2
χQ2 (χ
B
3 )
2
1− (χBQ11 )2
χB2 χ
Q
2

 . (52)
Effects of BQ-correlations can be sizable when the grand canonical off-diagonal susceptibilities are comparable to
the diagonal ones. On the other hand, corrections to Eq. (48) are small when χBQ11 , χ
BQ
21  χQ2 or when the matter-
antimatter symmetry is small, i.e. for zero (small) µˆ. In the latter case, realized in heavy-ion collisions at LHC
energies, all odd-order susceptibilities are (close to) zero, thus the second term in the r.h.s. of Eq. (52) (nearly)
vanishes.
The fifth order cumulant, κ5[B
1], reads
κ5[B
1] = αV T 3β(1− 2α)
[
(1− 2αβ)χB5 − 10αβ
χBQ31 (χ
B
2 χ
BQ
21 −χBQ11 χB3 )+χB4 (χQ2 χB3 −χBQ11 χBQ21 )
χB2 χ
Q
2 − (χBQ11 )2
]
. (53)
The discussion above on the behavior of κ4[B
1] largely applies to κ5[B
1] as well.
Explicit expression for κ6[B
1] can be obtained by expanding Eq. (44). The expression is very lengthy, containing
many different contributions from various BQ correlators. Here we only present the explicit expression for κ6[B
1] at
µˆ = 0, where all odd-order susceptibilities vanish and thus simplify the formula considerably:
κ6[B
1]
∣∣
µˆ=0
= αV T 3 β
[
(1− 5αβ(1− αβ))χB6
+10αβ(1− 2α)2χ
B
2 (χ
BQ
31 )
2+χB4 (χ
Q
2 χ
B
4 −2χBQ11 χBQ31 )
χB2 χ
Q
2 − (χBQ11 )2
]
. (54)
3. Three conserved charges B, Q, and S
Let us consider now three conserved charges: baryon number B, electric charge Q, and strangeness S. In this case
Qˆ = (B,Q, S) and N = 3. The first three cumulants of baryon number B1 are the same as in the case of a single
baryon charge. The fourth cumulant reads
κ4[B
1] = αV T 3 β
[
(1− 3αβ)χB4 −
3αβ
D[χˆ2]
×{
(χB3 )
2[χQ2 χ
S
2 − (χQS11 )2] + (χBQ21 )2[χB2 χS2 − (χBS11 )2] + (χBS21 )2[χB2 χQ2 − (χBQ11 )2]
−2χB3 χBQ21 (χS2χBQ11 − χBS11 χQS11 )− 2χB3 χBS21 (χQ2 χBS11 − χBQ11 χQS11 )
}]
. (55)
Here D[χˆ2] is the determinant of the matrix of second order susceptibilities:
D[χˆ2] = χ
B
2 χ
Q
2 χ
S
2 + 2χ
BQ
11 χ
BS
11 χ
QS
11 − χB2 (χQS11 )2 − χQ2 (χBS11 )2 − χS2 (χBQ11 )2. (56)
The fourth-order cumulant κ4[B
1] is affected by both the baryon-electric charge and baryon-strangeness correlations.
Even the correlation between electric charge and strangeness does contribute, through a correlator χQS11 . It is notable
that the entire second term in the r.h.s. of Eq. (55) vanishes at LHC energies (µˆ = 0), i.e.
κ4[B
1]|µˆ=0 = αV T 3 β (1− 3αβ)χB4 . (57)
We do not write here the lengthy expressions for κ5[B
1] and κ6[B
1]. These can be worked out from Eqs. (43) and
(44), if desired. We will only write, for completeness, the expression for κ6[B
1] for µˆ = 0 (LHC energies), where it is
considerably simplified:
κ6[B
1]
∣∣
µˆ=0
= αV T 3 β
[
(1− 5αβ(1− αβ))χB6 −
10αβ(1− 2α)2
D[χˆ2]
×{
(χBS31 )
2[χB2 χ
Q
2 − (χBQ11 )2] + (χBQ31 )2[χB2 χS2 − (χBS11 )2]
+ (χB4 )
2[χQ2 χ
S
2 − (χQS11 )2] + 2χBS31 χBQ31 (χBS11 χBQ11 − χB2 χQS11 )
+2χBS31 χ
B
4 (χ
QS
11 χ
BQ
11 − χQ2 χBS11 ) + 2χBQ31 χB4 (χQS11 χBS11 − χB2 χBQ11 )
}]
. (58)
9G. Strongly intensive quantities
Our considerations in the present paper are focused on effects of global conservation of multiple conserved charges,
and how they distort the grand canonical baseline in the measured cumulants. Another non-dynamical source that
affects the measurements are fluctuations of the system volume, that cannot be completely avoided in heavy-ion
collisions. Different methods exist to address volume fluctuations [22, 23, 38]. Here we explore briefly the possibility
to construct quantities that are insensitive to both the global charge conservation and the volume fluctuations.
More specifically, we consider strongly intensive quantities – fluctuation measures that were developed in Ref. [22]
and designed to be insensitive to volume fluctuations. These comprise of two combinations of first and second moments
of two extensive quantities. Here we take two conserved charges, say Qa and Qb, both measured in a subvolume V1:
∆[Qa, Qb] = C
−1
∆ {〈Qb〉ω[Qa]− 〈Qa〉ω[Qb]} , (59)
Σ[Qa, Qb] = C
−1
Σ {〈Qb〉ω[Qa] + 〈Qa〉ω[Qb]− 2 (〈QaQb〉 − 〈Qa〉〈Qb〉)} . (60)
The normalization factors C∆ and CΣ correspond to an arbitrary extensive measure not sensitive to volume fluctu-
ations. As an example, one can take any linear combination of mean values of Qa and Qb. Possible specific choices of
C∆ and CΣ have been discussed in Ref. [48]. The strongly intensive quantities can be written in terms of cumulants:
∆[Qa, Qb] = C
−1
∆
{
κ1[Qb]
κ2[Qa]
κ1[Qa]
− κ1[Qa]κ2[Qb]
κ1[Qb]
}
, (61)
Σ[Qa, Qb] = C
−1
Σ
{
κ1[Qb]
κ2[Qa]
κ1[Qa]
+ κ1[Qa]
κ2[Qb]
κ1[Qb]
− 2κ1,1[Qa, Qb]
}
. (62)
The quantities ∆[Qa, Qb] and Σ[Qa, Qb] (and any combination of the two) are insensitive to fluctuations of the total
system volume V . To show their sensitivity to global charge conservation we use Eqs. (39) and (40):
∆[Qa, Qb] = C
−1
∆ V T
3 α(1− α)
{
χQb1
χQa2
χQa1
− χQa1
χQb2
χQb1
}
, (63)
Σ[Qa, Qb] = C
−1
Σ V T
3 α(1− α)
{
χQb1
χQa2
χQa1
+ χQa1
χQb2
χQb1
− 2χQaQb1,1
}
. (64)
We note that the above two equations are obtained assuming that the subvolume fraction α is constant, i.e. it is
unaffected by volume fluctuations. If α does fluctuate, e.g. due to possible fluctuations in baryon stopping, the
formalism will require a generalization to account for that.
Given that C∆ and CΣ are proportional to any extensive (i.e. proportional to the subvolume V1) measure that is
not sensitive to volume fluctuations, we can, without the loss of generality, write these factors as C∆ = αV T
3χ∆1 and
CΣ = αV T
3χΣ1 where χ
∆
1 and χ
Σ
1 do not depend on V and α, e.g. they may be chosen as linear combinations of χ
Qa
1
and χQb1 . Then:
∆[Qa, Qb] =
1− α
χ∆1
{
χQb1
χQa2
χQa1
− χQa1
χQb2
χQb1
}
, (65)
Σ[Qa, Qb] =
1− α
χΣ1
{
χQb1
χQa2
χQa1
+ χQa1
χQb2
χQb1
− 2χQaQb1,1
}
. (66)
Both strongly intensive measures ∆[Qa, Qb] and Σ[Qa, Qb] are affected by global charge conservation, through a
common factor 1− α. This implies that a ratio of these two quantities is neither affected by volume fluctuations nor
the global charge conservation:
Σ[Qa, Qb]
∆[Qa, Qb]
=
χ∆1
χΣ1
χQb1
χQa2
χQa1
+ χQa1
χQb2
χQb1
− 2χQaQb1,1
χQb1
χQa2
χQa1
− χQa1 χ
Qb
2
χQb1
. (67)
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H. Non-conserved quantities
So far we focused on the cumulants of multiple conserved charges. It is, however, notoriously difficult to measure
neutral particles event-by-event in heavy-ion experiments, preventing direct measurements of baryon number and
strangeness fluctuations. For this reason one usually considers non-conserved quantities such as net-proton or net-kaon
number as proxies for net-baryon and net-strangeness fluctuations. The measurements of electric charge fluctuations
do not suffer from this problem and can be done directly. For instance, the STAR collaboration has recently reported
measurements of net-proton, net-kaon, and net-charge second order cumulants [15].
Here we consider the behavior of a non-conserved quantity, such as net-proton or net-kaon number, in the presence of
exact conservation of charges. For clarity, we will refer to this quantity as a net proton number, Np. The considerations
below, however, are general and apply to any non-conserved quantity, not only net-proton number.
As the net-proton number is not a conserved quantity, it has a distribution for fixed values of the conserved charges
Qˆ. This implies that the canonical partition function can be written as sum over all possible values of Np
Z(T, V, Qˆ) =
∑
Np
W (T, V, Qˆ;Np) . (68)
Here W (T, V, Qˆ;Np) counts the number of configurations that yield a particular net-proton number Np in the final
state. We note that W (T, V, Qˆ;Np) is not easily accessible in theoretical calculations, such as lattice QCD, as it
requires a careful projection on asymptotic states that count the net number of protons emerging from a thermalized
QCD matter created in heavy-ion collision. However, the number of (anti)protons in a given heavy-ion event is a well
defined, physical observable accessible to experiment. In the framework of the hadron resonance gas (HRG), which
is successfully applied to extract the chemical freeze-out temperature, the number of protons is given by the sum of
primordial protons and those arising from all strong and electromagnetic decays of resonances, such as for example
∆(1232). Or in other words, the projection to asymptotic states in the HRG is equivalent to taking all resonance
decays into account. For the purposes of this paper is not important how and if W (T, V, Qˆ;Np) can be calculated
in a given theory but rather that it is a well defined quantity, which it is. Since Np is not conserved, the system
can freely fluctuate from a configuration with a particular value of Np to a configuration with another value. Thus,
Np behaves just as a conserved charge in a grand canonical ensemble, so that W (T, V, Qˆ;Np) can be regarded as a
generalized canonical partition function with fixed values of conserved charges Qˆ and net-proton number Np. In the
thermodynamic limit, V →∞, the following representation of W (T, V, Qˆ;Np) holds:
W (T, V, Qˆ;Np) = exp
[
−V
T
f˘(T, ρˆ, ρp)
]
. (69)
Here f˘(T, ρˆ, ρp) is a generalized free energy density that depends on net-proton density ρp = Np/V , in addition to the
conserved charge densities. In the thermodynamic limit W (T, V, Qˆ;Np) is highly peaked around 〈Np〉, the sum (68)
is determined by the maximum term at Np = 〈Np〉, i.e.
f(T, ρˆ)
V→∞
= f˘(T, ρˆ, ρ0p) , (70)
where ρ0p = 〈Np〉/V .
By considering the canonical partition function Z(T, V, Qˆ) in the form given by Eqs. (68) and (69) we can now
introduce a generalized cumulant generating function for the joint distribution of Qˆ1, N1p , and N
2
p . Here N
1
p and N
2
p
are the net-proton numbers in the first and second subsystems, respectively. The generating function reads
G˜Qˆ1,N1p ,N2p
(tˆ, t1p, t
2
p) = ln

∑
Qˆ1,N1p ,N
2
p
etˆiQˆ
1
i+t
1
pN
1
p+t
2
pN
2
p exp
[
−αV
T
f˘(T, ρˆ1, ρ1p)
]
exp
[
−βV
T
f˘(T, ρˆ2, ρ2p)
]+ C˜ . (71)
Derivatives of G˜Qˆ1,N1p ,N2p
evaluated at tˆ = 0, t1p = t
2
p = 0 give mixed cumulants of the (Qˆ
1, N1p , N
2
p ) distribution. One
can see that G˜Qˆ1,N1p ,N2p
(tˆ, 0, 0) = GQˆ1(tˆ), therefore all cumulants that involve the conserved charges Qˆ, but not N
1,2
p ,
will coincide with the results obtained in previous section.
To evaluate the cumulants involving N1p we maximize the generalized probability function
P˜ (Qˆ1, N1p , N
2
p ; tˆ, t1, t2) = exp
{
tˆiQˆ
1
i + t
1
pN
1
p + t
2
pN
2
p − V
αf˘(T, ρˆ1, ρ1p) + βf˘(T, ρˆ
2, ρ2p)
T
}
(72)
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with respect to N1p :
t1p = ˘¯µp[T, ρˆ
1, ρ1p] . (73)
Here ˘¯µp[T, ρˆ
1, ρ1p] = T
−1 ∂f˘/∂ρ1p.
1. Off-diagonal cumulants involving a single conserved charge
Let us introduce a matrix of the grand canonical second order susceptibilities for the joint (Qˆ,Np) distribution:
χ˘ =
(
χQˆiQˆj χQˆip
χpQˆj χpp
)
, i, j = 1, . . . , N. (74)
The χ˘ij matrix is (N + 1)× (N + 1) dimensional, and χQˆiQˆj is the N ×N matrix of second order susceptibilities of
conserved charges Qˆ, defined in Eq. (22), χQˆip = χpQˆi = ∂ρp/∂
ˆ¯µi is a grand canonical correlator between Np and
conserved charge Qˆi, and χpp = ∂ρp/∂ ˘¯µp is the grand canonical susceptibility for the net-proton number Np.
Differentiating Eq. (73) with respect to tˆj , where j ∈ 1 . . . N , we get
0 =
N∑
j1=1
[
˘˜χ−1N+1,j1 κ˜j1j
]
+ ˘˜χ−1N+1,N+1κ˜N+1,j . (75)
The tilde in ˘˜χ means that the susceptibilities are calculated in the first subsystem at arbitrary values of tˆ and t1p,
whereas the same quantity without a tilde corresponds to the susceptibilities evaluated at tˆ = 0 and t1p = 0. The
same notation applies to the use of tilde in the notation for the cumulants κ of the (Qˆ1, N1p ) distribution. ˘˜χ
−1
N+1,j1
and ˘˜χ−1N+1,N+1 in Eq. (75) correspond to the elements of the inverse ˘˜χ matrix [Eq. (74)]. κ˜N+1,j corresponds to a
mixed cumulant involving net-proton number N1p and conserved charge Qˆ
1
j , both evaluated in the first subsystem.
Equation (75) can be solved for κ˜N+1,j , yielding:
κ˜N+1,j = −
∑N
j1=1
˘˜χ−1N+1,j1 κ˜j1j
˘˜χ−1N+1,N+1
. (76)
Now we set tˆ = 0 and t1p = 0, so that ˘˜χ
−1 → χ˘−1. Furthermore, for κj1j with j1, j = 1 . . . N we can use the result (40)
leading to
κN+1,j = −αV T 3 β
∑N
j1=1
χ˘−1N+1,j1 χ˘j1j
χ˘−1N+1,N+1
. (77)
We observe that
∑N+1
j1=1
χ˘−1N+1,j1 χ˘j1j = 0 as this expression corresponds to an off-diagonal element of the (N + 1)×
(N + 1) identity matrix Iˆ = χ˘−1χ˘. This implies
∑N
j1=1
χ˘−1N+1,j1 χ˘j1j = −χ˘−1N+1,N+1χ˘N+1,j in Eq. (77) so that
κN+1,j = αV T
3 β χ˘N+1,j . (78)
Given the structure of χ˘ [Eq. (74)] we can identify χ˘N+1,j = χpQˆj as a grand canonical correlator of net-proton
number with a conserved charge Qˆj . The corresponding off-diagonal cumulant κpQˆj reads
κpQˆj = αV T
3 β χpQˆj . (79)
The cumulant κpQˆj is affected by the global conservation of charges in the same way as all second order cumulants
of conserved charges [Eq. (40)]. This means effects of conservation laws cancel out in following ratios:
κpQˆj
κQˆiQˆj
=
χpQˆj
χQˆiQˆj
,
κpQˆj
κpˆQˆi
=
χpQˆj
χpQˆi
. (80)
Furthermore, as our derivation has been obtained for an arbitrary non-conserved quantity, we can also consider
correlators of the electric charge with different non-conserved quantities, such as e.g. net proton and net kaon
numbers. The global conservation factors cancel
κpQˆj
κkQˆi
=
χpQˆj
χkQˆi
. (81)
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2. Variance of a non-conserved quantity
Let us now differentiate Eq. (73) with respect to t1p:
1 =
1
αV T 3

N∑
j1=1
[
˘˜χ−1N+1,j1 κ˜j1,N+1
]
+ ˘˜χ−1N+1,N+1κ˜N+1,N+1
 . (82)
This can be solved for κ˜N+1,N+1. For tˆ = 0, t
1
p = 0, the solution reads
κN+1,N+1 =
αV T 3
χ˘−1N+1,N+1
1− β N∑
j1=1
χ˘−1N+1,j1 χ˘j1,N+1
 , (83)
where we used the result (78) for κj1,N+1. The sum
∑N+1
j1=1
χ˘−1N+1,j1 χ˘j1,N+1 corresponds to the (N+1), (N+1) element
of an identity matrix Iˆ = χ˘−1χ˘, therefore,
∑N
j1=1
χ˘−1N+1,j1 χ˘j1N+1 = 1− χ˘−1N+1,N+1χ˘N+1,N+1 . We, thus, obtain
κN+1,N+1 = αβV T
3χ˘N+1,N+1 +
α2V T 3
χ˘−1N+1,N+1
. (84)
Given that χ˘−1N+1,N+1 is the lower right element of the inverse of matrix χ˘ [Eq. (74)], it can be expressed as χ˘
−1
N+1,N+1 =
det χ˘
detχ where χ = χQˆiQˆj is a N ×N matrix of grand canonical susceptibilities of conserved charges Qˆ. The net-proton
susceptibility reads
κpp = αV T
3
[
(1− α)χpp + αdet χ˘
detχ
]
. (85)
By definition, in the limit α → 1 κpp reduces to the variance of net-proton distribution in the canonical ensemble
κcepp ≡ V T 3χcepp. Therefore, by setting α = 1 in Eq. (85) we obtain the canonical net-proton susceptibility:
χcepp =
det χ˘
detχ
. (86)
From an analysis of Eqs. (85) and (86) one observes that the net-proton susceptibility κpp/(αV T
3) represents a
linear combination of the grand canonical net-proton susceptibility χpp and the canonical net-proton susceptibility
χcepp =
det χ˘
detχ at all values of α.
III. APPLICATION TO THE HADRON RESONANCE GAS MODEL
A. HRG model setup
To illustrate the main features of the SAM in the presence of multiple conserved charges we shall consider the
behavior of various fluctuation measures in a hadron resonance gas (HRG) model [49]. The HRG model describes the
hadronic phase as a multi-component gas of known hadrons and resonances and has broad applications for describing
hadrochemistry in relativistic heavy-ion collisions [50–52].
In the present work we take the simplest variant of the HRG model where we neglect quantum statistics, finite
resonance widths, and excluded volume corrections. Even though the model in this case reduces simply to a multi-
component ideal gas of Maxwell-Boltzmann particles, the different hadron species do carry different values of the
three QCD conserved charges, baryon number B, electric charge Q, and strangeness S. This induces non-trivial
cross-correlations between conserved charges, making the model suitable for studying the effects of multiple global
conservation laws.
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For an arbitrary grand canonical HRG model the conserved charge susceptibilities are
χBQSlmn ≡
∂l+m+n p/T 4
∂ (µB/T )
l
∂ (µQ/T )
m
∂ (µS/T )
n
=
∑
i
(bi)
l (qi)
m (si)
n di
2pi2
(mi
T
)2
K2
(mi
T
)
exp
(
biµB + qiµQ + siµS
T
)
=
∑
i
(bi)
l (qi)
m (si)
n χhrgi , (87)
χhrgi =
di
2pi2
(mi
T
)2
K2
(mi
T
)
exp
(
biµB + qiµQ + siµS
T
)
. (88)
Here we used the conventional notation [Eq. (2)] for the susceptibilities. The index i sums over all hadron species in
the HRG, including both particles and antiparticles. The degeneracy and mass of a hadron specie i are denoted by di
and mi, respectively, while bi, qi, and si are its baryon number, electric charge, and strangeness. We also introduced a
shorthand χhrgi (88) for the susceptibility of particle number of hadron species i. We take into account all established
light-flavor and strange hadrons and resonances from the 2014 edition of Particle Data Tables [53], as incorporated
in the default particle list of the open source thermal-statistical package FIST [54].
For our calculation we use the following values of the thermal parameters: T = 160 MeV and µB = 100 MeV.
The temperature value is typical for chemical freeze-out in heavy-ion collisions [52, 55], while a non-zero value of
µB allows to study effects that are absent at µB = 0, such as mixing of cumulants of various order discussed in
Sec. II F. With this choice, the HRG model approximates the chemical freeze-out conditions encountered in heavy-ion
collisions at
√
s
NN
' 40− 45 GeV [56, 57]. The electric charge and strangeness chemical potentials are fixed to yield
an electric-to-baryon charge ratio Q/B = 0.4 and a vanishing net-strangeness S = 0, resulting in µQ ' −3 MeV
and µS ' 23 MeV. All the grand canonical conserved charge susceptibilities are then calculated using Eq. (87) while
the results of Sec. II are used to establish the acceptance (α) dependence of the cumulants in the presence of global
conservation of baryon number, electric charge, and strangeness.
In addition to analytic calculations of cumulants within the SAM, we also perform Monte Carlo calculations of the
same cumulants by sampling the HRG in the canonical ensemble. We employ the canonical ensemble sampler of the
FIST package to generate hadron multiplicities in the full acceptance. The canonical ensemble sampler follows the
efficient multi-step procedure introduced by Becattini and Ferroni [58], and its implementation in FIST is detailed in
Ref. [59]. Given that hadron coordinates are uncorrelated in the HRG model, we then independently apply a Bernoulli
trial with probability α to each hadron in each event to establish whether it belongs to a subvolume V1 = αV . In our
sampling procedure we take values B = 20, Q = 8, S = 0 of the globally conserved charges. The value of the total
volume of V is calculated using the grand canonical HRG model such that the mean baryon number, electric charge,
and strangness are equal to the canonical ensemble values listed above. The resulting value of V = 522.8 fm3 ensures
consistency between the grand canonical and canonical formulations regarding all average quantities. This value of V
is, on one hand, large enough such that deviations from the thermodynamic limit are small, and on the other hand,
it is small enough to obtain sufficient statistics for an accurate calculation of cumulants up to the fourth order. In
total we generate 108 events for the present analysis.
The Monte Carlo calculations present a powerful validation of the SAM, as they make no use of the assumptions
which go into that formalism.
B. Second order cumulants of conserved charges
The SAM predicts that appropriately scaled second order cumulants κX2 /(αβV T
3), where X = B,Q, S, are in-
dependent of the value of α and coincide with the corresponding grand canonical susceptibilities χX2 [see Eq. (40)].
The Monte Carlo calculations do indeed confirm this behavior, as shown in the left panel of Fig. 1. Measurements of
the variance of conserved charges can thus be used to extract the grand canonical susceptibility if the values of the
acceptance fraction α, the volume V , and the temperature T can be reliably estimated.
In practice, a reliable estimation of α, V , and T is challenging. For this reason it is useful to consider observables
where these quantities do not appear. As already discussed, Eq. (40), a ratio of any two second order cumulants of
conserved charges is insensitive to α and V , and coincides with the corresponding ratio of grand canonical suscepti-
bilities. The right panel of Fig. 1 depicts the α-dependence of cumulants ratios κBQ11 /κ
B
2 , κ
QS
11 /κ
S
2 , and κ
BS
11 /κ
S
2 , as
calculated within the Monte Carlo event generator (symbols) and within the SAM using the grand canonical suscep-
tiblities. The Monte Carlo calculations confirm the expected α-independence of these ratios, their constant values
being consistent with the grand canonical baseline.
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Figure 1. Dependence of combinations of second order cumulants of conserved charges on the acceptance fraction α, as
calculated in the hadron resonance gas model using canonical ensemble Monte Carlo sampler (symbols) and analytically in
the framework of the subensemble acceptance method (lines). The Monte Carlo calculation contains 108 events. Left panel:
Diagonal cumulants of net-baryon (black), net-charge (blue), and net-strangeness (red) numbers scaled by a factor αβV T 3,
yielding the grand-canonical susceptibilities in the SAM [Eq. (40)]. Here β ≡ 1 − α. Right panel: Off-diagonal to diagonal
conserved charge cumulant ratios κBQ11 /κ
B
2 (black), κ
QS
11 /κ
S
2 (blue), and κ
BS
11 /κ
S
2 (red).
C. Third order cumulants of conserved charges
Let us consider now third order cumulants. First we analyze the so-called skewness ratio κX3 /κ
X
2 for X = B,Q, S.
The skewness is a non-Gaussian fluctuation measure that characterizes the asymmetry of a distribution around the
mean value. The signs of the skewness of QCD conserved charges are thought to be sensitive probes of the QCD
phase structure [60]. The SAM predicts that the skewness κX3 /κ
X
2 scaled by (1 − 2α) is independent of acceptance
and coincides with the skewness χX3 /χ
X
2 evaluated in the grand canonical ensemble.
The left panel of Fig. 2 depicts the ratios (κX3 /κ
X
2 )/(1 − 2α) for baryon number, electric charge, and strangeness
evaluated using the Monte Carlo event generator. The Monte Carlo results are consistent with (κX3 /κ
X
2 )/(1 − 2α)
being independent on α and coincide with the grand canonical (χX3 /χ
X
2 ) susceptibility ratios.
In addition, the SAM predicts that any ratio of two third order cumulants of conserved charges is insensitive to
global conservation laws. This follows from Eq. (41). The right panel of Fig. 2 depicts the α-dependence of cumulant
ratios κB3 /κ
Q
3 , κ
QS
21 /κ
S
3 , and κ
BS
12 /κ
S
3 , as calculated within the Monte Carlo event generator (symbols) and within the
SAM using the grand canonical susceptiblities. The Monte Carlo calculations are consistent with the α-independence
of all these ratios, and in agreement with the grand canonical baseline, as predicted by the SAM. The statistical
errors in the Monte Carlo calculations become large in the vicinity of α = 1/2, as clearly seen in Fig. 2. This is a
consequence of the fact that third order cumulants vanish at α = 1/2, as follows from Eq. (41). A ratio of third
order cumulants in the vicinity of α = 1/2 corresponds to a ratio of two small numbers, hence the large statistical
uncertainties. As a consequence, it would be advisable to perform experimental analysis of third order cumulants in
acceptances away from α = 1/2.
D. Fourth order cumulants of conserved charges
We turn now to fourth order cumulants. An interesting new aspect here is that fourth order cumulants are
determined not only by the corresponding fourth order GCE susceptibilities but also by second and third order mixed
susceptibilities, as seen from Eqs. (42) [see also Eq. (55)]. The HRG model analysis allows to estimate the importance
of these mixed susceptibilities with regard to the behavior of fourth order cumulants in a finite acceptance.
We shall analyze here the fourth-to-second order ratios κX4 /κ
X
2 of diagonal cumulants for X = B,Q, S – the so-
called kurtosis of a conserved charge distribution. The kurtosis of the baryon number in a subvolume V1 = αV is
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Figure 2. Dependence of combinations of third and second order cumulants of conserved charges on the acceptance fraction
α, as calculated in the hadron resonance gas model using canonical ensemble Monte Carlo sampler (symbols) and analytically
in the framework of the subensemble acceptance method (lines). The Monte Carlo sample is the same as in Fig. 1. Left
panel: Skewness cumulant ratios κ3/κ2 of net-baryon (black), net-charge (blue), and net-strangeness (red) numbers scaled by
the global charge conservation correction factor (1 − 2α). Right panel: Ratio of third order conserved charge cumulant ratios
κB3 /κ
Q
3 (black), κ
QS
21 /κ
S
3 (blue), and κ
BS
12 /κ
S
3 (red). Monte Carlo third order cumulants in HRG, diagonal (left) and off-diagonal
(right).
evaluated using Eqs. (55) and (46):
κB4
κB2
= (1− 3αβ) χ
B
4
χB2
− 3αβ
χB2 D[χˆ2]
×
{
(χB3 )
2[χQ2 χ
S
2 − (χQS11 )2] + (χBQ21 )2[χB2 χS2 − (χBS11 )2] + (χBS21 )2[χB2 χQ2 − (χBQ11 )2]
−2χB3 χBQ21 (χS2χBQ11 − χBS11 χQS11 )− 2χB3 χBS21 (χQ2 χBS11 − χBQ11 χQS11 )
}
. (89)
The kurtosis of electric charge Q and strangeness S distributions are given by similar expressions, which can be
explicitly derived from the general formula (42). In fact, these expressions can also be obtained from Eq. (89) by
cyclic permutations in (B,Q, S).
Figure 3 depicts the α-dependence of the kurtosis of baryon number (black symbols), electric charge (blue symbols),
and net strangeness (red symbols), as obtained from Monte Carlo simulations. The solid lines in Fig. 3 correspond
to the SAM predictions [Eq. (89)], these agree with the Monte Carlo results. To estimate the relevance of cross-
correlations between multiple conserved charges on κX4 /κ
X
2 it is instructive to compare the results to predictions of
the SAM for a single conserved charge. The ratio κX4 /κ
X
2 in this case is obtained by dividing Eq. (48) by Eq. (46),
κX4
κX2
= (1− 3αβ) χ
X
4
χX2
− 3αβ
(
χX3
χX2
)2
, X ∈ (B,Q, S) , (90)
which is depicted in Fig. 3 by dashed lines. Equation (90) deviates from the general result (89) by no more than a
few percent, indicating the behavior of kurtosis of a conserved charge is primarily driven by the exact conservation
of that charge, whereas the influence of exact conservation of other conserved charges is subleading. We also remind
the reader that this influence of other conserved charges vanishes completely at µB = 0 (LHC energies), where all
odd-order susceptibilities is zero. These observations lead us to conclude that the simplified Eq. (90) is rather accurate
for practical applications, at least for µB . 100 MeV (
√
sNN & 40 GeV).
E. Off-diagonal cumulants involving non-conserved quantities
Next, we switch from cumulants of globally conserved quantities to cumulants involving quantities that are not
globally conserved. This does better reflect the current experimental reality. To be more specific, we shall consider
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Figure 3. Dependence of kurtosis cumulant ratios κ4/κ2 of of net-baryon (black), net-charge (blue), and net-strangeness (red)
numbers on the acceptance fraction α, as calculated in the hadron resonance gas model using the canonical ensemble Monte
Carlo sampler with 108 events (symbols) and analytically in the framework of the subensemble acceptance method (solid lines).
The dashed lines depict SAM calculations for a single conserved charge [Eq. (90)]. The Monte Carlo sample is the same as in
Fig. 1.
second order cumulants involving net-proton, net-kaon, and net-charge numbers. This is in part motivated by recent
experimental efforts of the STAR collaboration in measuring these quantities [15]. While the net electric charge is
globally conserved, the net proton and net kaon numbers do fluctuate even in the full acceptance.
As follows from the results of Sec. II H, a correlation of a non-conserved quantity with a conserved charge is
affected by the global conservation laws by the same factor (1 − α) as all second order cumulants of conserved
charges. The implication is that measurable ratios such as κpQ11 /κ
Q
2 and κ
kQ
11 /κ
Q
2 are expected to be unaffected by
the global conservation laws and coincide with the corresponding ratios χpQ11 /χ
Q
2 and χ
kQ
11 /χ
Q
2 of the grand canonical
susceptibilities.
The grand canonical susceptibilities can be evaluated in the HRG model. Extra care should be taken to account for
the large feeddown from decays of resonances to final yields of protons and kaons. The grand canonical fluctuations
and correlations of final particle numbers after resonance decays in HRG have been worked out in Refs. [36, 61]. The
grand canonical susceptibility describing correlations between two final-state hadron species i and j reads
χij ≡ 〈∆Ni∆Nj〉
V T 3
= δij χ
hrg
i +
∑
R
〈ni nj〉R χhrgR . (91)
Here the index R sums over all resonances. The quantity 〈ni nj〉R is an average product of the number of hadron
species i and j which result from decays of resonance R. This quantity takes into account the multinomial nature of
resonance decays. χhrgi is defined in Eq. (87).
The correlator χkQ11 of net-kaon number with net-charge is evaluated by incorporating contributions from protons
and antiprotons as well as of all charged hadrons in the final state:
χkQ11 ≡
〈∆(Nk+ −Nk−)∆Q〉
V T 3
=
∑
j
qj(χk+j − χk−j) . (92)
Here k+ and k− corresponds to positively and negatively charged final state kaons, respectively, while the index j runs
over all hadron species with charge qj in the final state, including both particles and antiparticles. The expression for
the net-proton-net-charge correlator χpQ11 is analogous to Eq. (92). Evaluation of the grand canonical susceptibilities
in accordance with Eqs. (91) and (92) is readily implemented in the FIST package, as documented in Ref. [54].
The Monte Carlo procedure requires some extensions to incorporate the resonance decays as well. This is done in
the following way. First, we mark all the primordial hadrons and resonances as either belonging to subvolume V1 or
subvolume V2 by doing the Bernoulli trials, as before. Then we let all unstable resonances decay until only the stable
decay products are left. All decay products stemming from the same primordial resonance are assigned the same
17
   
  

	

	

	
κ κ








	




α
κ κ


   	 
 



	



αχ +αχ

 αχ

+αχ


κκ
κ κ






	




α
κ pi
 κ 

Figure 4. Dependence of cumulant ratios κpQ11 /κ
Q
2 and κ
kQ
11 /κ
Q
2 (left panel) and κ
pip
11 /κ
p
2 and κ
pk
11/κ
k
2 (right panel) on the
acceptance α, as calculated in the hadron resonance gas model using canonical ensemble Monte Carlo sampler (symbols) and
analytically in the framework of the subensemble acceptance method (lines). Here p, k, and pi stand, respectively, for net-
proton, net-kaon and net-pion numbers evaluated after resonance decays. The Monte Carlo sample contains 107 events and
uses the same thermal parameters as in Fig. 1.
subvolume as that primordial resonance. We generate 107 events where we perform resonance decays in accordance
with the above description. All the cumulants of interest are then computed in the standard way, as a statistical
average from final-state hadron distributions.
The left panel of Fig. 4 depicts the Monte Carlo calculation results for cumulant ratios κpQ11 /κ
Q
2 and κ
kQ
11 /κ
Q
2 as
functions of acceptance parameter α. The ratios do not exhibit any sensitivity to the value of α. As predicted
by the SAM, these quantities coincide with the corresponding ratios χpQ11 /χ
Q
2 and χ
kQ
11 /χ
Q
2 of the grand canonical
susceptibilities, evaluated through Eqs. (91) and (92). Measurements of such quantities can thus directly reflect
intrinsic properties of matter that are characterized by the grand canonical susceptibilities.
Second order cumulant ratios involving non-conserved quantities only, on the other hand, do depend on the size of
the subvolume. Effects of global conservation laws no longer cancel out in such a case. To illustrate this aspect we
show in the right panel of Fig. 4 the α-dependence of cumulant ratios κpip11 /κ
p
2 and κ
pk
11/κ
k
2 involving correlations of
net proton number with net pion and net kaon numbers, respectively. These ratios clearly do exhibit α dependence,
interpolating between ratios of grand canonical (α→ 0) and canonical (α→ 1) susceptibilities.
The SAM predicts a linear α-dependence of net-proton and net-kaon cumulants κp2 and κ
k
2 [Eq. (85)]. Assuming the
same linear α-dependence holds also for the correlators κppi11 and κ
pk
11 one can expresses the ratios κ
pip
11 /κ
p
2 and κ
pk
11/κ
k
2
as follows:
κpip11
κp2
=
(1− α)χpip11 + α (χpip11 )ce
(1− α)χp2 + α (χp2)ce
, (93)
κpk11
κk2
=
(1− α)χpk11 + α (χpk11)ce
(1− α)χk2 + α (χk2)ce
. (94)
Here the quantities denoted as (. . .)ce are the susceptibilities evaluated in the canonical ensemble. The procedure to
evaluate such quantities analytically is detailed in Refs. [36, 61], and is readily available in the FIST package. The
α-dependence of κppi11 /κ
p
2 and κ
pk
11/κ
k
2 evaluated according to Eqs. (93) and (94) is shown in the right panel of Fig. 4
by dashed lines. These analytic expectations agree with the Monte Carlo results, suggesting that all second order
cumulants of non-conserved quantities can be generally described by a linear function in α which interpolates between
the grand canonical (α→ 0) and canonical (α→ 1) limits, as written in the numerator and denominator of Eqs. (93)
and (94).
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F. Net-proton and net-Λ fluctuations
We shall conclude our HRG model analysis by exploring fluctuations of net-proton and net-Λ number. These
quantities are more accessible to experimental measurements than net-baryon number fluctuations. The grand canon-
ical HRG model provides a natural baseline for the second order cumulants of net-proton (net-Λ) fluctuations: the
net-proton (net-Λ) number fluctuations are described by the Skellam distribution, meaning that the second order
cumulant simply counts the mean number of protons (Λ) and antiprotons (Λ¯):
κSk2 [p− p¯] = V T 3 χp2 = 〈Np〉+ 〈Np¯〉 , (95)
κSk2 [Λ− Λ¯] = V T 3 χΛ2 = 〈NΛ〉+ 〈NΛ¯〉 . (96)
This baseline is not modified by resonance decays since no decays are known to generate proton-proton (ΛΛ) or
proton-antiproton (ΛΛ¯) correlations.
Naturally, both the net proton and net Λ fluctuations are affected by the exact global conservation of charges.
In particular, the effect of baryon number conservation on net-proton fluctuations has extensively been studied in
the literature within the HRG model with a canonical treatment of baryon number [37, 38]. If the acceptance for
particles and antiparticles is uniform, the effect of global baryon number conservation on net-proton fluctuations is
the following:
κ2[p− p¯]
κSk2 [p− p¯]
= 1− αpB , αpB =
〈Naccp 〉+ 〈Naccp¯ 〉
〈N4piB 〉+ 〈N4piB¯ 〉
. (97)
Here 〈Naccp(p¯)〉 is the mean number of (anti)protons within the acceptance where net-proton fluctuations are measured
and 〈N4pi
B(B¯)
〉 is the mean number of (anti)baryons in the full space. The expression for net-Λ fluctuations is analogous.
Note that αpB can also be defined as α
p
B = 〈Naccp 〉/〈N4piB 〉 [37, 38] if the acceptance factor is the same for protons and
antiprotons. This is the case at the LHC due to particle-antiparticle symmetry at µB = 0, as well as at low collision
energies where the production of antibaryons can be neglected. In a general case, however, differences between the
two definitions do appear because of non-zero values of µQ and µS . We checked that these differences do not exceed
2% at all collision energies in the HRG model, therefore, in practice either of the two definitions may be adopted.
Expression (97) has been used by the ALICE collaboration to interpret their measurements of the behavior of
net-proton fluctuations in Pb-Pb collisions at the LHC as primarily driven by an effect of global baryon number
conservation [11]. At the same time, fluctuations can also be influenced by exact conservation of electric charge and
strangeness, in particular since protons do carry electric charge and Λ’s do carry strangeness. This point has been made
in a recent STAR paper on net-Λ fluctuations [12], where an ad hoc relation κ2[Λ− Λ¯]/κNBD2 [Λ− Λ¯] = 1− (αΛB +αΛS)
has been used to estimate the simultaneous effect of net baryon and net strangeness conservation. In the STAR
paper [12] the baseline κNBD2 [Λ− Λ¯] corresponds to a negative binomial distribution, which is similar although slightly
different than the Skellam baseline κSk2 [Λ− Λ¯] discussed here.
Here we shall employ the SAM to rigorously study the effect of multiple conserved charges on net-proton and net-Λ
fluctuations. Our starting point is Eq. (85) which describes the second order cumulant of an arbitrary non-conserved
quantity within a subvolume for an arbitrary equation of state. We rewrite Eq. (85) here for net-protons in a HRG
model:
κ2[p1 − p¯1] = αV T 3
[
(1− α)χp2 + α
det χ˘hrg
detχhrg
]
. (98)
Normalizing the net proton cumulant by the Skellam baseline, κSk2 [p1 − p¯1] = αV T 3 χp2, we get
κ2[p1 − p¯1]
κSk2 [p1 − p¯1]
= 1− α+ α
χp2
det χ˘hrg
detχhrg
. (99)
Let us first consider a single conserved charge – the baryon number B. In this case detχhrg = χB2 and det χ˘
hrg =
χB2 χ
p
2−(χpB11 )2. Furthermore, in the HRG model one has χpB11 = χp2. Inserting these relations into Eq. (99) one obtains
κB2 [p1 − p¯1]
κSk2 [p1 − p¯1]
= 1− α χ
p
2
χB2
. (100)
In the HRG model χp2 and χ
B
2 are proportional to the total number of protons plus antiprotons and to the total
number of baryons plus antibaryons, respectively, with the same proportionality factor, so that χp2/χ
B
2 = (〈N4pip 〉 +
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〈N4pip¯ 〉)/(〈N4piB 〉+〈N4piB¯ 〉). The subvolume fraction α is proportional to the ratio of mean number of protons plus antipro-
tons in acceptance to the mean number of protons plus antiprotons in the full space, α = (〈Naccp 〉+ 〈Naccp¯ 〉)/(〈N4pip 〉+
〈N4pip¯ 〉). Therefore, αχp2/χB2 = (〈Naccp 〉+ 〈Naccp¯ 〉)/(〈N4piB 〉+ 〈N4piB¯ 〉) = αpB and
κB2 [p1 − p¯1]
κSk2 [p1 − p¯1]
= 1− αpB , (101)
in agreement with Eq. (97). One gets an analogous relation for net-Λ fluctuations using the same logic.
Let us now consider the exact conservation of electric charge Q in addition to baryon number B. In this case the
susceptibilities involving Q contribute to detχhrg and det χ˘hrg in the r.h.s. of Eq. (99). To simplify the resulting
expression we shall make use of the fact that resonance decays generate negligibly small proton-charge correlations
in addition to proton self-correlation, implying that χpQ11 ≈ χp2 holds to a large precision.1 After some algebra, one
obtains
κBQ2 [p1 − p¯1]
κSk2 [p1 − p¯1]
= 1− (αpB + αpQ)
1− 2χ
BQ
11
χB2 + χ
Q
2
1− (χ
BQ
11 )
2
χB2 χ
Q
2
, χpQ11 ≈ χp2 . (102)
Here
αpQ = α
χp2
χQ2
≈ 〈N
acc
p 〉
〈N4pich,prim〉
(103)
and 〈N4pich,prim〉 corresponds to the charged particle multiplicity at the chemical freeze-out stage, i.e. before resonance
decays. If contributions of multi-charged hadrons are small, the approximate relation in Eq. (103) becomes exact. Note
that the final charged multiplicity 〈N4pich,fin〉 measured in the experiment can be considerably larger than 〈N4pich,prim〉,
due to decays of neutral resonances into charged particles, e.g. the ρ0 → pi+ + pi− decay. This effect is significant,
and our HRG calculations suggest that 〈N4pich,fin〉 can be up to a factor two larger than 〈N4pich,prim〉 at RHIC and LHC
energies. For this reason a reliable estimation of αpQ can be challenging. Taking 〈N4pich,fin〉 in place of 〈N4pich,prim〉 in
Eq. (103) will underestimate the value of αpQ.
For the electrically neutral Λ-hyperon it makes sense to consider global conservation of strangeness instead of
electric charge. The simultaneous effect of baryon number and strangeness conservation on net-Λ fluctuations is the
following:
κBS2 [Λ1 − Λ¯1]
κSk2 [Λ1 − Λ¯1]
= 1− (αΛB + αΛS)
1 +
2χBS11
χB2 + χ
S
2
1− (χ
BS
11 )
2
χB2 χ
S
2
, χΛS11 ≈ −χΛ2 , (104)
αΛS = α
χΛ2
χS2
≈ 〈N
acc
Λ 〉
〈N4piS,prim〉
. (105)
Here 〈N4piS,prim〉 counts the total number of strange hadrons. As in the case of net-charge in Eq. (103), 〈N4piS,prim〉
corresponds to hadrons before resonance decays. The decays, however, lead only to a small distortion, primarily
through a φ→ K+K− decay, thus 〈N4piS,prim〉 ≈ 〈N4piS,fin〉 to a very good approximation.
Equations (102) and (104) allow to establish the theoretical basis for the ad hoc relation proposed in Ref. [12] to
take into account simultaneous global conservation of two conserved charges. That relation works for net-proton and
net-Λ fluctuations if, respectively, baryon-electric and baryon-strangeness correlations in the equation of state can be
neglected, i.e.
κBQ2 [p1 − p¯1]
κSk2 [p1 − p¯1]
≈ 1− (αpB + αpQ) , if χBQ11  χB2 , χQ2 , (106)
κBS2 [Λ1 − Λ¯1]
κSk2 [Λ1 − Λ¯1]
≈ 1− (αΛB + αΛS) , if χBS11  χB2 , χS2 . (107)
1 We note that ∆(1232)++ → p + pi+ decays generate an excess of χpQ11 over χp2. On the other hand, decays like ∆(1232)0 → p + pi−
lead to a reduction of χpQ11 relative to χ
p
2. Our HRG model calculations reveal only percent level deviations of χ
pQ
11 from χ
p
2 after all
resonance decays are accounted for.
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Figure 5. Acceptance α dependence of net-particle variance normalized by Skellam distribution baseline for net-proton (left
panel) and net-Λ (right panel) fluctuations, as calculated in the hadron resonance gas model using canonical ensemble Monte
Carlo sampler (symbols) and analytically in the framework of the subensemble acceptance method (SAM) with three conserved
charges (solid black lines), two conserved charges (dotted red lines), one conserved charge (dashed blue lines), as well as using
approximate relations (106) and (107) for two conserved charges (dash-dotted black lines). The Monte Carlo sample is the
same as in Fig. 4.
Below we present explicit calculations to establish the accuracy of these relations.
Figure 5 depicts the α-dependence of the second order net-proton (left panel) and net-Λ (right panel) cumulants
scaled by the grand canonical Skellam distribution baselines. Calculations include feeddown from all strong and
electromagnetic decays. The symbols depict the results of Monte Carlo sampling. The Monte Carlo calculations agree
with the exact SAM calculation in a presence of three canonically conserved charges [Eq. (99)], shown in Fig. 5 by
the solid lines.
The dotted lines in Fig. 5 depict the SAM results for two conserved charges, (B,Q) in case of net protons and (B,S)
in case of net-Λ. Here no assumptions were made about the approximate equality of the diagonal and off-diagonal
second order cumulants as in Eqs. (102),(104). These show only negligible deviations from the full BQS-canonical
ensemble, indicating that the exact conservation of net strangeness has a negligible effect on net-proton fluctuations
while the exact conservation of electric charge has a negligible effect on net-Λ fluctuations. On the other hand, the
approximate relations (106) and (107), shown in Fig. 5 by the dash-dotted lines, reveal sizable deviations from the full
results. These relations overestimate the global charge conservation effects, especially at larger values of α. The main
reason is that the approximations that go into Eqs. (106) and (107), namely the assumed smallness of baryon-electric
and baryon-strangeness correlators, are not very accurate at the chemical freeze-out, as follows from the HRG model
calculations.2 The approximations χpQ11 ≈ χp2 [Eq. (102)] and χΛS11 ≈ χΛ2 [Eq. (104)], on the other hand, are found to
be very accurate, namely within 1 and 2% relative error, respectively.
Finally, the dashed lines in Fig. 5 depict the net-proton and net-Λ fluctuations in the presence of only single
conserved charge – the baryon number [Eq. (101)]. Such a calculation is relatively close to the full result, although it
does systematically underestimate the overall effect of three conserved charges.
We conclude that a quantitative HRG model analysis of net-proton and net-Λ fluctuations requires, in addition
to baryon number, a canonical treatment of, respectively, electric charge and strangeness. This may be even more
relevant for the higher-order fluctuations, which are expected to be more sensitive to exact conservation of multiple
charges. From a practical point of view, the approximate relations (101) and (106),(107) can be used to estimate the
magnitude of the global charge conservation effects, as they are found to bracket the true values of net-proton and
net-Λ cumulants in an HRG model calculation.
2 We used Eqs. (103) and (105) involving primordial numbers of charged and strange hadrons in this calculation. The result for net-Λ
would change very little if we used 〈N4piS,fin〉 instead of 〈N4piS,prim〉. Had we used 〈N4pich,fin〉 instead of 〈N4pich,prim〉, however, it would move
the black dash-dotted line in Fig. 5 up closer to the Monte Carlo data as the fact that 〈N4pich,fin〉 > 〈N4pich,prim〉 implies a decrease of αpQ.
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IV. DISCUSSION AND CONCLUSIONS
The main findings of the paper can be described as follows:
• The subensemble acceptance method, originally formulated in Ref. [1] for a single conserved charge, has been
extended for the case of multiple conserved charges. This allowed to express cumulants of conserved charge
distributions measured in a subvolume of a thermal system with a globally conserved charge in terms of the
grand canonical susceptibilities for any equation of state. Explicit expressions have been provided for all diagonal
and off-diagonal cumulants up to the sixth order, the formalism permits iterative computation of higher-order
cumulants as well, if desired.
• A conserved charge cumulant up to third order depends only on a single grand canonical susceptibility with the
same indices, but not on any other susceptibility, as follows from Eqs. (39), (40), and (41). Starting from the
fourth order, however, the cumulants depend on multiple grand canonical susceptibilities [Eqs. (42)-(44)].
• The global conservation effects cancel out in any ratio of two second order cumulants and in any ratio of two
third order cumulants. As follows from Eqs. (40) and (41), such ratios reduce simply to the corresponding
ratios of the grand canonical susceptibilities. We verified this statement explicitly using Monte Carlo sampling
of the canonical hadron resonance gas model shown in Figs. 1 and 2. We thus argue that such quantities are
particularly suitable for experimental measurements, since they allow to eliminate the dependence of results on
a relatively difficult-to-constrain value of the acceptance parameter α.
• The kurtosis of a conserved charge distribution is, in general, affected by conservation laws involving other
conserved charges, see e.g. Eq. (55). Our HRG model analysis, however, suggests that this effect is small in
heavy-ion collisions at
√
sNN & 40 GeV (see Fig. 3), and likely at lower energies as well. This implies that the
kurtosis of a conserved charge is mainly affected by the exact conservation of that charge, while the conservation
laws involving other conserved charges have a small effect.
• From an experimental point of view, it is challenging to measure fluctuations of conserved charges other than
electric charge Q. In Sec. II H we have extended the SAM to incorporate fluctuations and correlations involving
non-conserved quantities, such as net-proton or net-kaon number. Our main result here is Eq. (79): a correlator
of non-conserved quantity, such as net-proton number, with a conserved charge, such as Q, is affected by global
conservation laws by the same factor as any second order cumulant of conserved charges. As a consequence, the
readily measurable cumulant ratios such as κpQ11 /κ
Q
2 , κ
kQ
11 /κ
Q
2 , or κ
pQ
11 /κ
kQ
11 are unaffected by global conservation
laws. However, similar ratios involving cumulants of two non-conserved quantities, such as κpip11 /κ
p
2 do depend
on the acceptance. This is a useful observation for present [15] and future measurements of the off-diagonal
cumulants of net-particle distributions. We note that experimental measurements should be performed such
that the acceptance parameter α is the same for all hadron species that go into the measurement. Ideally,
this entails pT -integrated measurements in a finite rapidity Y acceptance, as opposed to the currently available
measurements in a finite pT range and/or pseudorapidity η acceptance [15].
• The second order cumulant κp2 of a non-conserved quantity, such as e.g. net-proton number p, in acceptance α
represents a linear combination between the grand canonical (α → 0) and canonical (α → 1) limits [Eq. (85)].
Furthermore, the canonical susceptibility (cumulant) is expressed solely in terms of the matrix of second order
grand canonical susceptibilities involving the conserved charges and a non-conserved quantity [Eq. (74)]. In
Sec. III F we used this expression to analyze the influence of the various conservation laws on net-proton and
net-Λ fluctuations in a HRG model. We found that, in addition to baryon number conservation, the variances
of net-proton and net-Λ fluctuations are markedly influenced by net-charge and net-strangeness conservation,
respectively. This is a new element compared to prior HRG model studies [37, 38, 42] that considered only the
effect of baryon number conservation on these quantities.
• Our studies in the present paper have been focused on a scenario where the total system volume is fixed in all
events. Event-by-event fluctuations of the system volume, on the other hand, cannot be avoided completely in
heavy-ion collisions and they have their own influence on fluctuations of conserved charges. Different methods
exist to address these [22, 23, 38]. In this paper, we have shown in Sec. II G that a ratio of strongly intensive
measures Σ and ∆ involving any two conserved charges is insensitive to both the global charge conservation
and volume fluctuations. While the physical interpretation of strongly intensive measures is somewhat less
straightforward than that of the traditional cumulants, their insensitivity to volume fluctuations makes them
useful observables when volume fluctuations are difficult to control. The concept of strongly intensive cumulants,
introduced in Ref. [62], can be used to extend these considerations to higher-order fluctuation measures.
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• The SAM is formulated to study the effects of global charge conservation on cumulants measured in the co-
ordinate space. Experimental measurements in heavy-ion collisions, on the other hand, are performed in the
momentum space. Nevertheless, strong space-momentum correlations at the highest collision energies due to
longitudinal Bjorken flow allow to associate measurements in finite rapidity space with spatial subvolumes at
the freeze-out stage. Furthermore, the fluctuation measures where global conservation factors were found to
cancel out can be expected to be robust probes of the grand canonical susceptibilities even in the absence of
strong space-momentum correlations.
• We focused the discussion on the effects of global conservation laws. It is not unfeasible, however, that the
exact conservation of charges takes place not only globally, but also in localized spatial regions, as discussed in
a number of recent papers [63–70]. The SAM can be applied in such a scenario if these localized spatial regions
– called patches according to the terminology developed in Refs. [65, 69] – are regarded as total volumes V
where the conserved charges are conserved exactly. The only requirement is that patches are sufficiently large
to contain all physics associated with the correlation length.
To summarize, we developed a formalism to quantify the effect of global conservation of multiple conserved charges
on fluctuation measurements in heavy-ion collisions. In particular, this has allowed us, for the first time, to construct
fluctuation measures that, to a leading order, are insensitive to effects of global charge conservation. In the future we
plan to apply the concepts developed in this paper to construct a sampler of an interacting hadron resonance gas that
preserves local correlations and fluctuations encoded in the equation of state, and which can be used in state-of-the-art
hydrodynamic simulations of heavy-ion collisions.
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Appendix A: Evaluation of the higher-order cumulants
The evaluation of the fourth and higher-order cumulants of conserved charges in the SAM proceeds by iteratively
differentiating the third order cumulants [Eq. (36)],
ˆ˜κijk(tˆ) =
1
α2V 2T 6
ˆ˜κij1 ˆ˜χ
′−1
j1m1
ˆ˜χ
′
m1m2m3
ˆ˜χ
′−1
m3m4
ˆ˜κm4k ˆ˜χ
′−1
m2j2
ˆ˜κj2j
− 1
β2V 2T 6
ˆ˜κij1 ˆ˜χ
′′−1
j1m1
ˆ˜χ
′′
m1m2m3
ˆ˜χ
′′−1
m3m4
ˆ˜κm4k ˆ˜χ
′′−1
m2j2
ˆ˜κj2j , (A1)
with respect to tˆ. For instance the fourth order cumulants are defined as
ˆ˜κijkl(tˆ) =
∂ ˆ˜κijk(tˆ)
∂tˆl
. (A2)
The two terms in Eq. (A1) have the structure of a convolution of several factors. Each factor is either (i) a cumulant
κˆ, (ii) an inverse second order susceptibility ˆ˜χ
′−1 or ˆ˜χ
′′−1, or (iii) a susceptibility ˆ˜χ
′
or ˆ˜χ
′′
. For (i) and (iii) we shall
consider κˆ and ˆ˜χ
′(′′) to be of an arbitrary order. The derivative (A2) is computed by applying the product rule to
each of the two terms in the r.h.s. of Eq. (A1). There are three kinds of tˆ-derivatives to compute:
• The derivatives of ˆ˜κi1...iM . These simply yield a cumulant of a higher order by definition:
∂ ˆ˜κi1...iM
∂tˆiM+1
≡ ˆ˜κi1...iM+1 . (A3)
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• The derivatives of ˆ˜χ′−12 and ˆ˜χ
′′−1
2 . These have already been computed in Sec. II D. The corresponding expressions
are given by Eqs. (34) and (35) which we rewrite here for completeness:
∂ ˆ˜χ
′−1
j1j2
∂tˆk
= − 1
αV T 3
ˆ˜χ
′−1
j1m1
ˆ˜χ
′
m1m2m3
ˆ˜χ
′−1
m3m4
ˆ˜κm4k ˆ˜χ
′−1
m2j2
, (A4)
∂ ˆ˜χ
′′−1
j1j2
∂tˆk
=
1
βV T 3
ˆ˜χ
′′−1
j1m1
ˆ˜χ
′′
m1m2m3
ˆ˜χ
′′−1
m3m4
ˆ˜κm4k ˆ˜χ
′′−1
m2j2
. (A5)
• The derivatives of ˆ˜χ′i1...iM and ˆ˜χ
′′
i1...iM
. These are evaluated by applying the chain rule. The result is:
∂ ˆ˜χ
′
i1...iM
∂tˆiM+1
=
1
αV T 3
ˆ˜χ
′
i1...iMb1 χˆ
′−1
b1b2
ˆ˜κb2iM+1 , (A6)
∂ ˆ˜χ
′′
i1...iM
∂tˆiM+1
= − 1
βV T 3
ˆ˜χ
′′
i1...iMb1
ˆ˜˜χ
′′−1
b1b2
ˆ˜κb2iM+1 . (A7)
As follows from the rules (A3)-(A7), a tˆ-derivative of a term which comprises a convolution of an arbitrary number
of ˆ˜κ, ˆ˜χ−12 , and ˆ˜χ elements yields a sum of terms, each again being a certain convolution of ˆ˜κ, ˆ˜χ
−1
2 , and
ˆ˜χ elements.
Therefore, the rules (A3)-(A7) are sufficient to iteratively compute tˆ-derivatives of ˆ˜κijk(tˆ) up to arbitrary high order.
Further simplifications can be achieved by observing that all the κˆ, ˆ˜χ−12 , and ˆ˜χ tensors are symmetric with respect to
any permutation of their indices.
We have implemented the above rules within the Mathematica package to compute the higher order cumulants ˆ˜κ.
Equations (42), (43), and (44) in the main text depict the final results for the fourth, fifth, and sixth order cumulants,
respectively, all evaluated at tˆ = 0.
Appendix B: Deriving QCD cumulants from the general expressions
Here we illustrate how to derive cumulants of baryon number B and electric charge Q from the general expressions
given in Eqs. (39)-(44). This is useful to illustrate the SAM notation entering Eqs. (39)-(44) which differs from the
commonly employed notations in the QCD literature.
Let us have two conserved charges: baryon number B and electric charge Q. In this case the vector of conserved
charges reads Qˆ = (B,Q) and the corresponding vector of chemical potentials is µˆ = (µB , µQ). Following Eq. (1), a
grand canonical susceptibility of order M reads
χˆi1...iM =
∂M (p/T 4)
∂(µi1/T ) . . . ∂(µiM /T )
, i1 . . . iM ∈ 1, 2. (B1)
In the commonly adopted QCD notation, the same grand canonical susceptibility reads
χBQlm =
∂l+m(p/T 4)
∂(µB/T )l ∂(µQ/T )m
, l +m = M. (B2)
Definitions (B1) and (B2) are equivalent, provided that exactly l of the indices (i1, . . . , iM ) are equal to unity while
the remaining m indices are equal to two. Note that the susceptibility in Eq. (B1) is symmetric with respect to any
permutation of its indices, therefore, it is irrelevant how exactly the indices are distributed in the vector (i1, . . . , iM ).
The same discussion of the two different notations as for the susceptibilities also applies to cumulants.
The general results in Eqs. (39)-(44) for the cumulants of conserved quantities in a subvolume use the notation (B1).
Let us illustrate how to derive the results for cumulants in a more familiar notation (B2) on an example of fourth
order cumulants. The general expression (42) for a fourth order cumulant of conserved charges B and Q reads
κˆi1i2i3i4 [B
1, Q1] = αV T 3 β
[
(1− 3αβ) χˆi1i2i3i4 −
αβ
2! 2! 2!
∑
σ∈S4
χˆ−1b1b2 χˆiσ1 iσ2b1 χˆiσ3 iσ4b2
]
. (B3)
The repeated indices b1 and b2 imply summation from 1 to 2. The sum
∑
σ∈S4 runs over the 4!=24 permutations of
a set (1, 2, 3, 4). For instance, the first element of the sum corresponds to σ = (1, 2, 3, 4), so that iσ1 = i1, iσ2 = i2,
24
iσ3 = i3, and iσ4 = i4. For the second permutation one has σ = (1, 2, 4, 3), so that iσ1 = i1, iσ2 = i2, iσ3 = i4, and
iσ4 = i3. And so on for all remaining permutations.
Consider now the diagonal fourth order cumulant of baryon number κ4[B
1] ≡ κB4 ≡ κBQ40 (here we omit the
superscript for B1 and Q1 for clarity of notation). In this case one has i1 = i2 = i3 = i4 = 1 in Eq. (B3), thus
κ4[B
1] ≡ κˆ1111[B1, Q1]
= αV T 3 β
[
(1− 3αβ) χˆ1111 − αβ
2! 2! 2!
∑
σ∈S4
χˆ−1b1b2 χˆ11b1 χˆ11b2
]
. (B4)
Each of the σ ∈ S4 permutations yields the same element in Eq. (B4), therefore, one has
κ4[B
1] = αV T 3 β
[
(1− 3αβ) χˆ1111 − 3αβ χˆ−1b1b2 χˆ11b1 χˆ11b2
]
. (B5)
Given the correspondence between Eqs. (B1) and (B2), we have χˆ1111 ≡ χBQ40 ≡ χB4 , χˆ111 ≡ χBQ30 ≡ χB3 , and
χˆ112 ≡ χBQ21 . The direct, χˆb1b2 and the inverse, χˆ−1b1b2 , matrices of the second order susceptibilities read
χˆ2 =
(
χB2 χ
BQ
11
χBQ11 χ
Q
2
)
, χˆ−12 =
1
det[χˆ2]
(
χQ2 −χBQ11
−χBQ11 χB2
)
, det[χˆ2] = χ
B
2 χ
Q
2 − (χBQ11 )2. (B6)
Equation (B5) transforms to
κ4[B
1] = αV T 3 β
[
(1− 3αβ)χB4 − 3αβ
(χB3 )
2χQ2 − 2χBQ21 χBQ11 χB3 + (χBQ21 )2χB2
χB2 χ
Q
2 − (χBQ11 )2
]
. (B7)
Explicit relations listed in Sec. II F for various cumulants of the QCD conserves charges are obtained from Eqs. (39)-
(44) in the same fashion as for κ4[B
1] shown here.
A Mathematica notebook to express any cumulant up to sixth order within the QCD notation is available via [47].
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